We present a nonperturbative solution of the rotational diffusion equation for an asymmetric rotor reorienting in a uniaxial liquid crystal, such as a nematic, smectic A or membrane bilayer covering the full range of order parameters from isotropic to complete order for rod-like and plate-like molecules. We obtain explicit expressions for the rotational diffusion matrix elements for a potential containing arbitrary rank interactions. For the actual numerical computations we consider the rotor with biaxial diffusion tensor to be subject to a second rank biaxial orienting potential. We study in detail the influence of changes in diffusion tensor and ordering matrix biaxiality on correlation functions and correlation times of first and second rank and we comment on experiments that can be sensitive to biaxiality effects in the diffusion tensor. We give a comparison with approximate results that have appeared in the literature.
INTRODUCTION
The diffusional model is based on the hypothesis that molecular reorientation can be considered a stochastic Markov process evolving through small angular steps under the influence of collisions with the surrounding molecules and of any orienting torque provided by the long range orientational order in the medium. ` Angular momenta relaxation is assumed to be so fast with respect to orientational relaxation that it can be neglected when treating orientations. The conditions under which this is possible have been discussed in detail in the literature. 2 We only notice here that a rotational diffusion mechanism is particularly plausible when the reorienting molecule that is observed (e.g., a solute) is bulkier than the surrounding solvent ones. In practice the diffusion model has been very successful in describing reorientation of molecules not only much larger but also comparable in size with those of the solvent. As a matter of fact the rotational diffusion model has been applied to the interpretation of a variety of experiments in liquids and in liquid crystals where a time decay or a linewidth is fitted by a dynamic model. In an experiment probing molecular reorientation in liquids what is normally studied are the correlation functions (ALAB (0)B LAB t) (I) between irreducible tensor components of rank L, L ' of the properties A,B or their Fourier transform at frequency A, i.e., the spectral densities JLf '().9,1O A most important case is that of autocorrelation functions, where A = B. For instance in magnetic resonance A,B could be some second rank magnetic tensor relevant to the experiment being performed and in particular dipolar and quadrupolar interactions have been studied....-6 Second rank correlation functions can also be accessed by Raman techniques."'-"' In infrared dichroic 2 0 and dielectric relaxation measurements 2 ' tensors of rank L = 1 are studied. In a fluorescence depolarization experiment A LmB Lm would be second rank absorption and emission tensors, respectively. 22 - 2 4 When we deal with rigid molecules and when intermolecular contributions to the observed quantities can be neglected, the various experiments mentioned can be interpreted in a unified way in terms of orientational correlation functions mnm'n. (t) . By writing the laboratory fixed components in Eq. (i) in a suitable molecular frame one has in fact with D m,*n a Wigner rotation matrix 2 5 connecting the two frames. If the relaxation of the angular variables is assumed to be a stochastic Markovian process, the orientational correlation functions can be written as
mnm'n' (t) -fX dco) dc P(wo)D L. (0_)P( t)D mn' (),
where a_ (a,~rV) is the molecular orientation expressed as a set of three Euler angles. 25 P(a I wjt) is the so-called conditional probability, giving the probability of finding a molecule at orientation c at time t, if the orientation of the molecule was w, at the time zero. The orientational distribution function P(a) represents the equilibrium probability of finding a molecule at orientation c and is connected to the anisotropic potential of mean torque 2 6 U(co) through the Boltzmann relation
exp[ -U(w)/kT]4 f dw exp[ -U(w)/kBT]
with kE the Boltzmann constant and T the temperature. The distribution P(o) and the potential U(o) have the same symmetry of the mesophase. Here we assume this to be uniaxial, so that P(co) = P (,3,y) and the orientational order parameters, average of the Wigner rotation matrix D f, (co) are (see, e.g., Ref. 27) (Don) =t5,O JdwP(co) D',n(o9) ) ( 
5)
For a molecule undergoing rotational diffusion in an anisotropic potential U(w), the conditional probability P(ol 0 t) evolves in time according to the differential equation:'
where L = (Lx ,LY,L,) is a dimensionless angular momentum operator, D is the diffusional tensor and we assume the initial condition
In Eq. (6b) we choose the molecule-fixed frame where D is diagonal:
0
Dz
The analysis of experimental dynamic data offers the possibility of getting rotational diffusion coefficients for the molecule acting as spectroscopic probe, which may be different from the solvent ones or, at least in some spectroscopic techniques, identical to those of the solvent. When we assume rotation to be diffusional, all our knowledge of the molecule and of its symmetry is contained in its diffusion tensor. Thus, as long as we can identify the diffusion frame, the most general or least symmetric case possible is that of a biaxial diffu- Analytic solutions are available for symmetric and asymmetric rotors. 3 ' 4 In this limit the Wigner rotation matrices are eigenfunctions of the diffusion operator, Eqs. (6) . Thus even for asymmetric rotors there are no mixed rank correlation functions in isotropic fluids. An orientational auto correlation function of rank L decays at most as a sum of (2L + 1) exponentials. In ordered solvents the problem is made more complicated by the absence of analytic solutions but at the same time more interesting for the increase in the number of observable correlation functions 28 and for the possibility of studying anisotropic interactions. To determine P(colt) the diffusion operator can be given, as we shall see later on, a matrix representation in a basis of Wigner rotation matrices. This matrix is not diagonal and a basis set of Wigner functions up to a sufficiently large rank Jmax is needed. Mixing of certain contributions of different rank can take place and orientational correlation functions are generally given by a sum of an infinite number of exponentials. After Nordio et al. classical papers on uniaxial molecules in uniaxial orienting potentials, 5 ' 8 the diffusion model has been solved for symmetric rotor (D. = D,) molecules in biaxial potentials. 6 29 . 32 This is clearly important since the ordering matrix for a number of probe and liquid crystal molecules has been determined experimentally and found to deviate from cylindrical symmetry (see, e.g., papers in Ref. 33 ). Estimating the effective orienting potential from the measured biaxial order parameters (D', O' is possible, e.g., with a maximum entropy technique, 34 and one could combine static and dynamic measurements. In practice, Nordio and Segre extended the theory to biaxial molecules, 2 9 developing a perturbative correction to the uniaxial correlation functions. Dozov et al. 31 derived one and two exponential approximate expressions for the biaxial correlation functions of rank one for this case. Numerical, nonperturbative solutions were presented in application to the analysis of electron spin resonance (ESR) spectra by Freed and co-workers. 6 Both in this case and in the simpler uniaxial case' it was found that terms of rank as high as Jma, 20 needed to be retained in the matrix representation to obtain faithful results over the entire (P 2 ) range, even though a few terms are sufficient for low order parameters or for some of the correlation functions. It should be stressed that a feature present in all the mentioned works was the assumption of a diffusional tensor with cylindrical symmetry, D. = D,, which somewhat contrasts with the lower symmetry of the anisotropic potential.
The complications increase further when a fully asymmetric rotor D AD., OD, in a biaxial potential U(Ar) is considered. Grant et al.
3 0 treated this case with truncation of the Wigner basis set to Jmax = 4 in application to nuclear magnetic resonance (NMR) relaxation data analysis. The analysis of NMR spectral densities was also the object of a paper that has just appeared 3 5 and of which we have become aware after completing this work, which reports detailed calculations of second rank spectral densities for a second rank biaxial potential, again retaining terms with J<4 in the matrix representation.
Here we wish to treat the rotational diffusion of asymmetric rotors subject to biaxial potentials in a rather general way. We report explicit expressions of the diffusion operator in a Wigner matrix basis for an arbitrary rank biaxial potential. We then study a biaxial potential of second rank and we investigate the effect of diffusion anisotropy and biaxiality on orientational correlation functions of first, second, and mixed rank for prolate and oblate rotors (Fig. 1) .
We also report full time-dependent orientational correlation functions of ranks 1 and 2, not just their integrated values. The aim of the paper is not to try and fit a particular set of experimental results. Rather we wish to give an over-Z I z f view of the effects on the various types of correlation functions for different rotors to suggest what probe molecules or experiments could be more sensitive to diffusion anisotropy. Thus in this paper we do not examine anisotropic viscosity and similar effects, 3 " 3 8 which could provide other contributions to experimental observables. As more and more sophisticated experiments become available the possibility of obtaining for the first time the full diffusion tensor of molecules dissolved in liquid crystals has become a stimulating one. It is likely that there will be an intrinsic difficulty in experimentally resolving the three diffusion coefficients. On the other hand these measurements have been done for selected molecules in isotropic liquids"-"5 and should clearly be attempted also below an isotropic-nematic transition. Having theoretical representations for the observables allowing for this possibility is an essential ingredient in trying to determine the coefficients themselves. Since the effects one is trying to study are not very large, we will not make use of approximate expressions, employing basis sets consisting of up to 336 functions (Jmax = 35).
II. THEORY
To start with we rewrite D in a more convenient form as
where
Here e is an asymmetry parameter of the diffusion tensor, going from -1 to + 1, while q expresses the ratio between diffusion around the z axis ("spinning") and of the z axis itself ("tumbling") expressed by p. In the cylindrical symmetry limit p becomes D 1 , 7 becomes DI, and E reduces to 0. Inserting the definitions Eq. (10) in Eqs. (6) we obtain
where the shorthand notation 9 aP(cowt) and " a U(wo)/k 8 T has been used. r is the diffusional operator.
A. Symmetrization of the diffusional operator
The diffusion operator as written is not self-adjoint. On the other hand detailed balance ensures that it can be symmetrized by the similarity transformation:
We employ essentially the same notation used by us earlier on 2 4 , 32 just adding a caret to indicate quantities relative to the symmetrized operator. The application of the symmetrizing transformation yields
Taking advantage of this property the symmetrized propagator can be rewritten as
where and
The operator r, is the same used by Nordio and Segre. 8 The second one results from the assumption of noncylindrical symmetry of the diffusion tensor. The symmetrized form of the diffusion equation is
where P(ao)owt) is a symmetrized conditional probability, related to the unsymmetrized one by the transformation
Finally, the expression of the correlation functions becomes
B. Calculation of the elements of the diffusion matrix
The symmetrized diffusional equation ( 17) can be given a convenient matrix representation in a basis of normalized Wigner matrices:
Ay expanding the symmetrized conditional probability P(wolt), as well as the anisotropic potential U(.)/k 2 T,
The expansion coefficients CLmn (coot) at time zero c; evaluated using the initial condition Eq. (7) 
where RL 'm'nLmn are matrix elements of the F operatc
al probability, solution to the diffusion equation that, written (22) back in terms of ordinary Wigner rotation matrices, is
Man be 1 
5,D, (w)Df,'*(wo). (32)
For t o co all the exponentials decay to zero except the one competing to the eigenvalue ?o, corresponding to the equilib- (23) rium distribution. 8 Since the conditional probability must satisfy the equilibrium condition (24) t_-les on the long time behavior of the symmetrized conditional probin the ability is lim P(Wsolt) (25) =P 12(so) p12 (a)) The matrix representation of r in a basis set of norma
Wigner matrices _L (c) is real and symmetric. 8 Ix presence of an anisotropic potential U(w) the matrix not be diagonal. The matrix will be banded, with the wid the band determined by the maximum rank of the cont tions to U(co) in Eq. (22) . However, if the potential doe depend on the angle a, i.e., the medium is uniaxial, there will be no coupling between terms with different r we can employ m to label the diffusion matrix: 
where we have used the single index K to label the eigenvalues of R'" . This in turn provides the symmetrized condition-
where we have used the well-known result for the integral of three Wigner rotation matrices in terms of Clebsch-Gordan coefficients C(A,B,C;d,e) .2539 This expression can be rewritten in a form perhaps more immediately useful for programming (cf. Appendix B) as
where we have introduced the auxiliary vectors 
D. Application to a second rank anisotropic potential
The simplest and most often studied biaxial anisotropic potential is based on a simplified form of the potential Eq. (22) (38) and the ratio 4= a 22 /a 20 defines a biaxiality parameter which is formally equivalent to that in Ref. 40 . The parameters in the potential could be determined by static measurements of the second rank order parameters for biaxial particles, if we assume the maximum entropy princi- Re(D 2 ) are determined, we have simply P(w) = P (,8, We have studied reorientation in this second rank potential (40) to examine the effect of the biaxiality parameter g and the asymmetry parameter of the diffusion tensor e on the correlation functions. For an elongated particle an axis system of the with the z axis along the direction of maximum elongation, Fective as it is shown in Fig. I(a) , is commonly used, while for a indelath-like particle one with the z axis perpendicular to the be calmolecular plane [ Fig. 1 (b) ] is normally adopted. In this Its for way the sign of (P 2 k, which is expected to be positive for actorprolate-like and negative for oblate-like molecules is directly ). In related to the shape of the particle. For the other two axes a signer configuration giving a value of (D 0 2 > with the same sign as n' and (P2), corresponding to a positive value of 4, can be used. The ssibly condition I (P 2 )1 > (D 02 ) determines the switching over talizabetween the two frames, which takes place for a biaxiality correvalue = 1/.+60.408. 2 6 Regarding the diffusion coeffii31 cients, one might expect that the molecular movements around the axis of greater symmetry 7 or those that cause the lesser displacement of solvent will be faster. This means that a negative value of e is probably more physically plausible with either of the chosen frames. In any case we have consid- The starting value and the long time behavior remain unchanged by the diffusion tensor biaxiality E, since they are purely equilibrium quantities, and we can write them as
independently on any dynamic quantity or model. This means, incidentally, that an experimental technique probing this extremely short time (to 0) limit will not provide information on the diffusion tensor. The explicit initial values for the functions shown in the figures are 
In Fig. 2 we start by showing the first rank correlation functions for biaxial rotors in a biaxial potential. We present a set ofcurves for a rotor tending to align with the z axis parallel to the director (i.e., "elongated," with (P 2 ) > 0) subject to a potential characterized by a 20 = -1.946, a 22 = -0.778 (set a). We also show, on the same plates, curves for a rotor tending to align perpendicular to the director, with parameters of mean torque a 20 = 2.113, a 22 = 0.845 (set b). In both cases the molecular biaxiality intended as the ratio t = a 2 2 /a 2 0 , is set to 0.4, close to the maximum value of 0.408. As we see from these figures biaxial diffusion effects are not very large for first rank functions. The effects are also different for the various combinations of parameters studied. effect of going from E = -0.6 (dotted line) to 0.6 (dashed line) is quite noticeable for an elongated but not for a lathlike molecule. The effect is noticeable also for the correlation function qSo'o (t) arising, e.g., for an observation of a dipole moment along the z molecular axis. It should be stressed that, because of the long time limit
all the first rank functions have to decay to zero, since (D O' ) = 0 for a nonpolar phase. Later on we shall examine in detail the areas under these correlation functions, i.e., the correlation times. In Figs 
We see that also for second rank functions the largest effects are to be expected for correlation functions with n 7& n', i.e., for those functions that are zero for uniaxial molecules (with (DO 2 = 0). Some other functions are barely affected, even at these high values of biaxiality, e.g., 0o2z2 (t) When there is a noticeable change, this is sensitive to the sign of e. The largest diffusion tensor biaxiality induced changes seem to be, in relative terms, those on Xo-1 (t), 12;2 (t),
2, 1 (t), although 02_2; 2 (t) is quite sensitive too. In a typical experiment the various correlation functions are weighted by the tensor components A MLB L'OL* [cf. Eq. (2) ] so they will not be observable unless these components are different from zero. Moreover, if the chosen experiment only determines quantities along the director, i.e., along the laboratory z axis, as is often the case, we only have m = m' = 0 in Eq. (2) and only correlation functions OLnL ; (t) will be probed. We also recall that if we have a 3 X 3 matrix A it can be decomposed as explored. Another element of interest is that some r correlation function may have a starting value lowe the final one and that they may go through a maximum minimum if the sign of t is reversed). In these cas behavior is strongly nonexponential and cannot be m in terms of a single dominant or effective export approximation.
In Fig. 6 we show an example of cross-rank corr function demonstrating the possibility of coupling b certain properties of different rank in liquid crystals. This function has been claimed to be identically zero according to a certain symmetrization scheme. 4 As we see the correlation function is actually different from zero, as it was also obtained from a molecular dynamics simulation of a Lebwohl-Lasher model 28 with uniaxial particles. Its initial value is 01,2,;I (0) = 12(P2).
The correlation time i-i. of a correlation function can be defined as (68) (66a) and corresponds to the zero frequency spectral density of the (66b)
Wigner rotation matrices correlation functions. Since 1 "LL ' is an integral over the whole time domain, the details of time (66c) behavior are lost. On the other hand, in various experimental techniques, e.g., in many steady-state fluorometry and (66d ) NMR experiments, correlation times offer the only informa-(66e) tion accessible, so that it is interesting to see how the diffusional model parameters affect this quantity. (66f) It is apparent from Figs. 2-6 that the above definition, which reduces to a decay time when the correlation function ivity of is exponential, can also give a negative correlation time for se relasome cross-correlation functions. > moleIn Figs. 7 and 8 we report the correlation times ompoas a function of (P 2 ) for different values of t and e, In an for some of the functions of rank one Entities [0.oIo (t), 0 " ; -1 (t), 0'; -,(t)] and rank two, i.e., assured,
ined so In all the present calculations the number of basis funccan be tions employed and then the dimension of the diffusional mixedmatrix, depends on the strength of the potential and goes r than (dot-dashed line). In all cases sy = 10 was assumed.
1.0
1.0 tion of a cylindrical diffusion tensor, and reported the coefficients of a two-exponentials approximation to the correlation functions of rank one. This approach is appealing because of the simple relations used to calculate the expansion coefficients starting from (P 2 ), (D 0 2 ), DO 1 , and D 1
Here we wish to test this approximation by comparing the correlation times calculated using both the coefficients reported in Ref. 31 and the full expansion Eq. (35) . The comparison is effected using the same cylindrical approximation of the diffusion tensor used in Ref. 31, i.e., letting e = 0 in the calculation of matrix elements, and is limited to the functions for which Dozov et al. gave explicit coefficients, namely, 01tI' ; i, ,, and ', ; -, . In Fig. 9 we report the percentage difference between the exact and the approximate correlation times for some values of the biaxiality parameterg, as a function of the order parameter (P 2 ,. In spite of its simplicity, the two-exponentials approximation generally holds fairly well in an extended range of (P 2 ), with discrepancies only becoming appreciable for values of (P 2 ) close to its negative limiting value and for high values of A. However, we have already mentioned earlier that the behavior of various correlation functions with n $ n' is strongly nonexponential and cannot be written in terms of a single dominant or effective exponential approximation. In general, we expect that the approximate relations will be less effective in this case.
In Fig. 9 we see that the largest percentage difference is indeed obtained for the function O' ',; _, (t) which is the one showing the largest deviations from exponential behavior among the rank one functions in Fig. 2 . Thus we think the approximate solutions can be useful to get a general feeling of the factors involved but that the full numerical solution with a large enough basis set should be used in any application involving the analysis of experimental data, since the factors to be determined are small and they can possible be masked by a solution of limited accuracy. In summary, we have calculated the effects of diffusion tensor and ordering matrix biaxiality on a variety of orientational correlation functions of first and second rank. We be- lieve that an appreciation of these effects together with a careful consideration of the way these correlation functions are weighted by the relevant tensor components may be helpful in planning experiments specifically aimed at investigating rotational diffusion tensors in liquid crystals. 
APPENDIX A: MATRIX ELEMENTS OF THE FULL BIAXIAL DIFFUSIONAL OPERATOR
Here we present explicit expressions of the elements of the diffusional matrix R m . The calculation of the elements of the full biaxial diffusional operator is a fairly cumbersome task, so it is convenient to evaluate separately the matrix elements of the various operators contributing to r. These 
In the derivation of the matrix elements the following relations have been used:
Notice that the matrix factorizes in blocks labeled by the quantum number m. This is essentially due to the assumption of a potential independent from the Euler angle a, as appropriate for uniaxial symmetry. If the expansion of the potential Eq. (22) 
where we have introduced the auxiliary quantities
(A20)
Here the symmetry relation the frame where the diffusion matrix is diagonal. By handling the rotation at the same time of the diagonalization of the matrix it is possible to avoid the explicit manipulation of the eigenvectors matrix X. We found the FORTRAN subprograms RQRT and RSQZ introduced by Gordon and Messenger 42 very hejpful for this purpose. These routines act on the band shape R m matrix in two steps: first RQRT applies the Rutishauser algorithm to obtain a tridiagonal form, then RSQZ finds the eigenvalues by means of the QR (Ref. 43) algorithm. The first step can also be accomplished by means of the Lanczos algorithm,," 45 but we did not find a relevant reduction of computation time, principally because in the calculation of correlation functions the second step, which is essential, is also the most time consuming. It is possible to calculate very efficiently the elements of the eigenvector (X') 0o, corresponding to the eigenvalue Po, by taking advantage of the properties of the matrix i. In fact the eigenvalue P, is contained in the matrix corresponding to m 0, which is diagonalized by the similarity relation:
The matrices R 0 , X , and V° can be partitioned as follows: 
(X °) 0,,, is a factor which determines the normalization condition for the singlet distribution function. An alternative and more efficient way of calculating the vector (X 0 ),, is to apply the conjugate gradient algorithm. 4 3 '" This allows solving the linear system (B4) with respect to the elements of the vector Xb, without going through the inversion of a matrix which is only slightly smaller than the diffusional matrix. Moreover we want to point out that only the anisotropic potential parameters affect Xba, so that only the matrix elements relative to the first three operators contributing to r [ 
+q2J'+ I (B19)
The maximum rank for the order parameters calculated in this way is limited only by the number of basis functions retained for the expansion of the conditional probability Eq. (21).
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